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(— I ' IlocTpoeHO BeKTopHoe ypasHeHHe fljia KOMnjieKcnoro A-nojia, SKBHsajieHTHoe CHCTeMe ypas- 

^ |. HeHHii MaKCBejiJia fljia ajiexTpoMarHHTHMx nojiefi. PaccMOTpenbi CHjibHbie yflapHbie bojikm, no- 

jiy^eHbi ycjiOBHH na (japoHTax ^jia CKaHKOB HanpajKeHHOCTeii A, E, H h o6o6iri;eHHbie saKOHbi 
coxpaHeHHH. ^OKaaana nonepeHHOCTb y^apnbix bojih. IIocTpoeHbi Tensop FpHHa, o6o6iri,eHHbie 
pemeHHH MO^HcjjHiiHpoBaHHoro ypaBHennfl ^jih HecTaiiHonapHbix, CTaiiHonapHbix h MOHOxpoMa- 
THHecKHx nojieii h o6o6iri;eHHoe pemeHne sa^a^H KoniH. /JoKaaana e^HHCTBeHHOCTb Kjiaccn^e- 
CKoro pemeHHfl sa^aHH KoniH, b tom ^HCJie npn najiH^HH y^apHbix bojih. 



^ i CncTeMa ypaBHeHHii MaKCsejiJia ^jih onncaHHH sjiexTpoMarHHTHbix (3M) nojieft o6jiaflaeT chm- 

i MeTpHCH OTHOCHTejibHO BCKTopoB HanpHHceHHOCTeH sjieKTpHHecKoro (E) H MarHHTHoro (H) nojien. 

3tot 4)aKT xopomo nsBecTen b sjieKTpo^HHaMHKe npn nocTpoeHHH ee pemeHHii. PemeHne KpaeBbix 
■ sa^an ^jih sjieKTpHnecKHx nojiefi nacTO mojkho HcnojibsoBaTt ^jih nocTpoennH pemeHHii anajio- 
ly-^ , rHHHbix saflan ^jih MarHHTHbix nojieft npocToii saMeHofi E H n KOHCTanT sjieKTpHHecKoii h 
I MarHHTHOH npoHHi];aeMOCTH (— e ^ h Hao6opoT. Chmmctphio sthx ypaBHenHH napymaeT tojibko 

yCJIOBHe OTCyTCTBHH MarHHTHbix SapHflOB H COOTBCTCTBeHHO MaPHHTHblX TOKOB. 

3flecb Mbi 3TH ycjiOBHH CHHMaeM H CTpoHM oflHO KOMnjicKCHoe flHcJjcJjepeHi^HajibHoe ypasHeHHe 
fljiH KOMHjieKCHoro TpexMepHoro BeKTopnoro A-hojih, SKBHBajieHTHoe CHCTCMe ypaBHenHH MaKCBeji- 
^ ' Jia. ^JiH HCCJieflOBaHHH SToro ypasHenHH, nasbiBaeMoro saMUAbmoHoeou (popMOU ypaBHenHH MaKC- 
^ . Bejijia [1], HCHOjibsyeM MeTO^bi TeopHH o6o6n],eHHbix cJjyHKi^HH, a HMenno HOflxofl ^jih pemenHH 
HecTai];HOHapHbix Kpaesbix sa^an sjieKTpoflHnaMHKH, pa3pa6oTaHHbiH b [2]. 3tot HOflxo^ hosbojih- 
eT CTpoHTb H HCCjieflOBaTb cpaBHHTejiBHO HpocTO paspbiBHbie pemeHHH ypaBHenHH co CKanKOM ne 
TOJibKO HpoHSBOflHbix, HO H caMHx HCKOMbix (JjyHKi^HH. IlocjieflHee HMeeT BajKHoe snaneHHe fljiH 
HsyneHHH HecTai^HonapHbix bojihobbix Hpoi];eccoB Tnna y^apHbix bojih. 

1. KjiaccHHecKHe ypaBHenHsi MaKCBejiJia. CncTeMa ypaBHenHH MaKCBejiJia ^jih oflnopofl- 
noH HSOTponnoH cpe^bi HMeeT cjieflyiomnli bh^ : 

- edtE + rotH = f , fidtH + rot E = . (1) 

3flecb sjieKTpHHecKHe h MarnnTHbie nponni^aeMOCTH e, /i -nojioJKHTejibnbie KoncTanTbi, E,H- 
nanpHHcennocTH sjieKTpnnecKoro n MarnnTHoro hojih, j^{x, t),j^{x, t) - hjiothocth sjieKTpnnecKHX 

H MarHHTHbix TOKOB, X = {xi, X2, X^), t>0. 

CorjiacHO hojihoh cncTeMe ypaBnennH MaKCBejijia 

edivE = p^, -fidivH = p^, = 0, = 0, (2) 
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p ,p - 06'beMHE.ie njiOTHOCTH sjieKTpHHecKHx H MarHHTHtix sapsiflOB. ^ajiee nocjie^HHe ^sa ycjio- 

BHH OTCyTCTBHH MarHHTHblX SapHflOB H TOKOB CHHMaeM. 

BsHB flHBepreHi];Hio b ([T]), nojiyHHM b flHcJxJjepeHi^HajibHOH cJjopMe 
3aK0H coxpaneHUH sapsidoe: 

dtp^ + div f = 0, dtp" + div j" = 0. (3) 

EcjiH ypaBHeHHH ([1]) CKajiapno yMHOJKHTb Ha E n H cooTseTCTBeHHO h BbinecTB, nojiyHHM b 
flH(J)4)epeHi];HajiE.Hoft 4)opMe 

3aK0H coxpaueHUfi anepsuu: 

dtW + divP={j'',H)-{f,E). (4) 

Sflect P = E X H - BCKTop HoHHTHHra, W = 0,5 + - njiOTHOCTb SHeprnn 3M 

nojiH. 

IlpH saflaHHbix TOKax ypaBHeHHH ([T} flocTaTOHHbi fljiH OHpeflejieHHH 3M hojih (E, H) . B stom 
cjiynae paBencTBa ([2]) cjiyacaT ^jih onpeflejieHHH sapa^a, a saKOHbi coxpaneHHa BbinojiHHiOTCH tojk- 

fleCTBCHHO. 

2. raMHjiBTOHOBa (J)opMa ypaBHeHHH MaKCBejiJia. BsefleM KOMHjieKCHbiii bcktop nanpH- 

JKeHHOCTH: 

A = ,/^E + i^H. (5) 
Tor^a CHCTCMy ([ij mojkho sanncaTb b bh^c OflHoro BeKTopnoro ypaBnenHii: 

— c~^dtA — irot A = j, c=l/^/i^ (6) 

r^e c- CKopocTb 3M bojih, a KOMnjieKCHbie tokh onpe^ejiHiOTca BbipajKCHHeM j = ^/pj^ — i \^ j" ■ 
OnpeflejieHHe. HasoBCM KOMnjieKCHbiM sapH^OM A-nojia BejiHHHHy 

p = c~^divA = ^p^ -i^/ep". (7) 

EcjiH B3HTb flHBepreHi];HK) ([6|), TO nojiyHHM fljiH KOMnjieKCHoro sapH^a tot jkb 
3aK0H coxpaneHUfi aapsida: 

dtp + divj = 0. (8) 

SaMCTHM, HTO SHcprHH 3M nojiH npH TaKOH sanncH onpeflejiaeTca nepes MOflyjib KOMnjieKCHoro 
BCKTopa nojiH: W = 0,5||^||^ = 0,5{A, A*) , a bcktop IloftHTHHra P = —0,5icA x A* . S^ecb 
A* -KOMnjieKCHO-conpHHceHHoe A . IlocjieflHee cjie^yeT h3 paBencTBa: 

Ax A* = {^/eE + i^H) x {^/eE -i^H) = 2^iE x H. (9) 

Ymhohchm CKajiHpHO (lU Ha cA* , cjiojkhm 3T0 paBeHCTBO c KOMnjieKCHO-conpHJKeHHbiM. B pe- 
syjibTaTe nojiynnM 

SanoH coxpaneHUfi anepsuu: 

dtW + divP = -cRe{j,A*). (10) 

TaKHM o6pa30M bmccto o6biHHOH CHCTCMbi ypaBHeHHH MaKCBejiJia HMeeM ee KOMnjieKCHyro 4)op- 
My B BH^e oflHoro BCKTopnoro ypaBHeHHH, KOTopyio ropasflo yflo6Hee HCCjie^OBaTb, t.k. ona co^ep- 

JKHT B flBa pasa MCHbrne ypaBHeHHH, SaBHCHT TOJIBKO OT O^HOH HOCTOHHHOH C - CKOpOCTH CBeTa, H 
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nojiHOCTBK) onpe^ejiiieT 3M nojie, tokh h sapHflbi. IlpH stom saKOHbi coxpaneHHii sapsifla h SHeprnn 
HMeiOT CBOK) o6biHHyio (JjopMyjiHpoBKy. 

3. XAapHMe bojihbi. 06o3HaHHM L{dx,dt) - MaTpHHHtra flHcJxJjepeHi^HajiBHbiH onepaTop ypaB- 

HeHHH KOMnOHeHTbl KOTOpOrO HMCMT BHfl: 

Lkj{dx,dt) = -c~^5kjdt + iekjidi, l,j,k = 1,2,3, 

r^e 6kj -CHMBOji KponeKepa, ejik - eflHHHHHbifi ncesflOTeHSop JleBH-MnsHTa. S^ecb h BCiofly no no- 
BTopHiomHMCH HHfleKcaM cyMMHpoBaHHe OT 1 flo 3 (TeHsopnaH csepTKa). 

JlerKO noKasaTb, hto xapaKTepncTHHecKoe ypasHeHHe ([6|): det{Lkj{y, ft)} = b npocTpancTBe 

i?^ = {x = (x, 2:4 = Ct)} npHBOflHTCH K BHfly: 

i^4(z^l - - 4 - ^l) = 0. (11) 

XapaKTepncTHHecKoe ypasHeHHe ([T|) hmcct aHajiorHHHbiit bh^ [1]: (1^4(1^! ~ '^i ~ ~ ^3))^ ~ 

B nacTHOCTH, OHH cnpaBefljiHBbi npn 1^4 = , hto cooTBCTCTByeT noBepxHOCTH BH^a F{x) = 
const , KOTopaa ne saBHCHT ot BpeMenn. B OKpecTHOCTH TaKHx noBepxHOCTeft sa^ana Koinn, co- 
rjiacHO TeopeMe C. KoBajieBCKoit [3], HepaspeniHMa. T.e. snaa 3M nojie na KaKoii-TO HenoflBHJKHOii 
noBepxHOCTH, HeBOSMOJKHO BOCCTanoBHTb ero B ee OKpecTHOCTH. 3to TaKJKe roBopnT o tom, hto 
B CTaTHHecKofi nocTanoBKe sth Tpn ypaBHenHH ne sbjihiotch nesaBHCHMbiMH h HeflocTaTOHHbi fljia 
pemeHHH KpaeBbix sa^an. 

3th ypaBHeHHH co^epHcaT TaKHce Konyc xapaKTepncTHHecKHx HopMajieli - KjiaccHnecKHH CBeTO- 
Boii Konyc: u\ = , ||i^|| = + V2 + v'^. KaK nsBecTHO, na xapaKTepncTHnecKHx noBepxHO- 
CTHx pemeHHH h hx npoHSBO^Hbie MoryT TepneTb CKanKH. 06o3HaHHM nepes F TaKyio noBepxHOCTb, 
(i/, z/4) = (z^i, f2, ^3, ^^4) - HopMajib K Heft B . B npocTpancTBe KOopflnnaT B? efi cooTBCTCTByeT 

BOJIHOBOH (JjpOHT Ft , /];BH2Cyn],HHCH CO CKOpOCTbK) C , U = (ni, 712, ^^3) " eflHHHHHblH BCKTOp HOpMajIH 

K (J)poHTy BOJiHbi, HanpaBjieHHbiii b CTopony ee flBHJKeHHH. JlerKO BH^eTb, hto 

1^4 = — ||z^|| , Ui = Ui / WvW , i = l,2,3. (12) 

^ajiee fljia BbiBOfla ycjiOBHii na (JjpoHTax HcnojibsyeM MeTO^bi TeopHH o6o6n],eHHbix (J^yHKi^Hii. 

BBe^eM npocTpancTBO o6o6n],eHHbix BeKTop-cJ^yHKi^nft D'^{R'^) = |/(x) = (/i,/2-/3)| - nenpe- 
pbiBHbix jiHHeiiHbix (J)yHKi];HOHajiOB, onpeflejieHHbix na npocTpancTBe 6ecK0HeHH0 ^HcJjcJjepeHi^Hpy- 

eMbix 4)HHHTHbix 4)yHK^Hf^ DsiR'^) = {(^(x) = ((^1 , .. .993)}, /fc G D'{R^), ipk G D{R'^) : (/, 99) = 
3 

ifki Vfc)) ^ ^ EcjiH A pemeHHe ([6]) c KonenHbiM paspbiBOM na F , to b D'^{R'^) , corjiacno 

k=l 

npasHjiaM flHcJxJjepeni^HpoBaHHH o6o6n],eHHbix (JjyHKi^Hii [2], 

djA = A,j +[A]pUj 6f{^), j = 1, 4. (13) 

3flecb nepBoe cjiaraeMoe cnpasa - KjiaccHHecKaa npoHSBOflnaa no Xj, = 1, Sp - npocTon cjion 
na F , njiOTHOCTb KOToporo onpe^ejiHeTCH nepes CKanoK: [A]p = lim (^(x + ei^) — A{x — ev)) . 

B CHjiy nenpepbiBnocTH Bne (JjponTa BOjinbi n nocKOjibKy noBepxnocTb t = const ne HBjiaeTCH 
xapaKTepncTHHecKoft, 

[A]p= lim {A{x + £n,t) - A{x - en,t)) = A'^{x,t) - A~{x,t) = [A]p . 

£— » + * 

Onepan;HH flH4)4)epenn;HpoBanHH nosBOjiaeT bbccth Tonnoe onpe^ejienne nonsTHH noBepxnocTnbix 

SapHflOB. 
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OnpeflejieHHe. 06o6meHHbiM sapsiflOM A-nojiH 6yfleM HastiBaTt. p = c divA. 

EcjiH Ha noBepxHOCTH S & B? nojie TepnHT CKanoK, to p = c~^div A + c~'^{n,[A\g)5s{x) , 
r^e n -eflHHHHnaH HopMajit k S . IlepBoe cjiaraeMoe onncfciBaeT njiOTHOCTb o6biHHE.ix 06'beMHE.ix 
sapHflOB, a BTopoe - noBepxHOCTHtix. 

Onpe^ejieHHe. HasoseM noBepxHOCTHoft flHBepreHi];Heft seKTopa A npocToii cjioii divsA = 
(n, [A]s)6s{x) . 

IlpeflnojiaraeTCH, hto HopMajib n cymecTsyeT hohth BCiOfly na 5" , a CKanoK A npHHafljiescHT 
Kjiaccy cyMMHpyeMbix na S (JsyHKi^nii: [A\s G Li{S). 

Onpe^ejieHHe. IloBepxHOCTHbiM sapsiflOM A-nojia 6yfleM nasbiBaTb BbipajKCHHe BH^a 
PS = c'^{n, [A]g)5s{x) = c^^divsA. 

Otmcthm TaKJKe , hto cJjopMyjia fljiH nosepxHOCTHoro sapH^a noflo6Ha cJjopMyjie sapH^a ([7)). 

OnpeflejieHHe. HasoBCM pemeHne ypaBnenHH ([6|) o6o6n],eHHbiM, ecjiH 

(L((9^, dt)u, 95) = {LikUk, ipi) = -{uk, Likifi) = {jk, ^k), V(/? G Ds{R'^). 

EcjiH A KjiaccHHecKoe pemeHne ypaBnenHH ([6]) , paspbiBHoe na F , to paccMaTpHsaeMoe KaK 0606- 
meHHoe, OHO yflOBjieTBopaeT cjie^yiomeH cncTeivie: 

Lkj {dx, dt)Aj + Gkj[Aj]F dp = jk, Gkj = -^kj^A + iekjm^m- (14) 

Hs (fT4ll cjie^yeT 

TeopeMaS.l. flAfi mozo, umodu A 6ujio o6o6iJneHHUM pemenueM (B^, Heo6xoduMO eunoji- 
HEHue ycAoeusi: 

Gkj[Aj]p = 0, k = 1,2,3. (15) 

T.e. o6o6n],eHHoe pemeHne mohcgt 6biTb paspbiBHbiM na cJjpoHTax. TaKne pemeHna onncbiBaiOT ydap- 
Hue 3M-B0JiHbi. 

C yncTOM BsefleHHbix o6o3HaHeHHH paBencTso (|15|) na noflSHHCHbix bojihobmx cJjpoHTax b 
npHo6peTaeT Bvip^, KOTopbiii npeflCTaBHM b cjieflyiomeii TeopeMe. 

T e o p e M a 3.2. Pemenue ypaeneHusi (B^, Henpepuenoe u duipipepeHv^upyeMoe ecmdy, sa uckjiw- 
Henueju eojmoeux (fipoumoe, na nomopux eunoAHMwmcM ycAoeuM j7^) . siejisiemcsi ezo o6o6vneHHUM 
pemenueM, ecjiu 

= -^[^]f, x"^> (16) 
ujiu, djiH esKmopoe sjieKuipuHecKou u MasmimHou HanpHOfceuHocmeu,- 

e^/'[E]p^=t,'/'[H]p^xm, f,'/' [H]^^ = s'/'m x [E]^^ . (17) 

3flecb H Bbime snaK " x "o6o3HaHaeT BCKTopnoe npoHSBe^eHHe. ^ajiee CKajiHpnoe h BCKTopnoe npo- 
HSBeflCHHe a H 6 o6o3HaHaeTCH cooTBeTCTBCHHO (a, 6) = ajbj, [a,b] : [a,b]i = eijkajbk ■ 

^OKasaTejibCTBO. Hs TeopeMbi 3.1 cjieflyeT: 1^4 [^fc]^ = iekjm^m [^j\p ■ OTCiofla, 
c yneTOM (fT2l) nojiynnM: [^fej^? = —iekjimi [Aj]p , hto cooTBCTCTByeT BeKTopnofi sanncn cJjopMyji 
TeopeMbi. 

H3 3T0H TeopeMbi JierKO BblBOflHTCH pHfl nOJieSHblX CJieflCTBHH. 

CjieflCTBHel. Ha cJjpoHTax yflapnbix 3M bojih ([^lir^ ,n) = 0, hto ^jih E ii H npHHHMaeT 

BHfl 

i[E]^^,n) = 0, i[H]p^,n) = 0. (18) 

T.e. na (JjpoHTax y^apHbix bojih OTcyTCTByiOT HOBepxnocTHbie sapsiflbi. 

CjieflCTBHe2. Ecjih nepe^ cJjpoHTOM bojihbi 3M hojih OTcyTCTByiOT (E^ = 0, = 0) , 
TO Ha (JjpoHTe TpoHKa BeKTopoB E,H,m - BsanMHO opToronajibHbi. T.e. BeKTopa E, H jiejKaT b 
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KacaTejibHoii njiocKOCTH k (JjpoHTy bojihe.i, a seKTop IloftHTHHra P napajiJiejien bojihobomy BCKTopy. 
SnaHHT y^apHbie 3M bojihm hbjihiotch nonepe^HbiMH. 

CjieflCTBHeS. [E]p^ = <^ I^Ifj ~ . T.e. ecjin sjieKTpHHecKoe nojie nenpepBiBHO, to 
MarHHTHoe Toace nenpepbiBHO h Hao6opoT. 

PaccMOTpHM CKanoK sneprHH na (JjpoHTe bojikbi. 

TeopeMa3.2. Ha ^ponme ydapnou eojiHU 

[W{x,t)]p^=c-\m,[P]p;). (19) 

/^OKasaTejibCTBO. YMHOiKHM (jlGjl CKajiHpHO Ha KOMnjieKCHO-conpHJKeHHoe: [^/li?^ = 
—ieijk {-^l^Ft AnajiornHHO, cooTBeTCTByromee KOMnjieKCHO conpsiJKeHHoe BbipajKCHHe yMHO- 

JKHM Ha A'l' : [A*]p^ = ieijk [^^]^^ ■^t™'^ CKjiaflbmaH sth ^Ba BbipajKennH, c yneiOM TOiK^e- 
CTBa [ah] = a^6+ — a^h^ = a+[6] + 6^ [a], nojiynnM (JjopMyjiy TeopeMbi. 

Hs 3T0H TeopeMbi cjieflyeT, hto saKOH coxpaneHHa sneprHH (jlOll Bepen h b D'^{R/i). ^chctbh- 
TejiBHO, c yncTOM (I12p h (1191) , HMeeM: 

dtW + divP = dtW + divP + {cvi[W]F + [{v, P)]f) = -cRe(j, A*). 

B CHjiy (llOp CKanoK flojiscen paBHHTbCH nyjiK). 

IlycTb nojie A nenpepbiBHO no BpeMCHH h TepnHT paspbiB na HenoflBHJKHOH noBepxnocTH S ^ 
(TaKHe nojiH BOSHHKaroT npn ^HcJapaKi^HH bojih na noBepxnocTHx c KpaeM). B stom cjiynae oho 
yflOBjieTBopHCT ypaBHCHHio: 

- c~^dtA - i rotA = j - in x [A]s6s{x). (20) 

3to ypaBHCHHe hosbojihct ecTecTBennbiM o6pa30M bbccth noHHTne noBepxHOCTHbix tokob. 

Onpeflejienne. HoBepxHOCTHbiM poTopoM BCKTopa A na S nasBiBaeTCH npocToii cjioh 
rotsA = [A]sds{x) X n. HoBepxHOCTHbiM tokom nasbiBaeTCH npocTofi cjioh js = irotsA. 

SaMenaHHe. BBCflenHbie s^ecB onpeflejiennH noBepxHOCTHbix ^HBepreni^HH h poTopa 
no/];o6Hbi BBeflennbiM H.E.TaMMOM [3], ho ne coBna^aiOT c hhmh, a, (JjaKTHnecKH, cooTBCTCTByiOT 
njIOTHOCTHM npocTbix cjioeB. 

TaKHM o6pa30M noBepxnocTHbie tokh onpeflejisiroTCH nepes HOBepxHOCTHbift poTop, a HOBepx- 
HOCTHbie sapHflbi - nepes noBepxHOCTHyio flHBepreni^Hio. Ilpn HajiHHHH TaxHx noBepxHOCTeit h3 (120p 
cjieflyeT 

06o6ut,eHHUu sukoh coxpaneHUH sapada: 

dtp + divj +idiv{[A]s5s{x) x n) = 0. (21) 

B CHjiy d?!) fljiH o6'beMHbix sapa^OB, OTCiofla cjie^yeT 
3aK0H coxpaueHusi noeepxHocmuux sapsidoe: 

dtps + divsj + i div rots A = 0. (22) 

SaMCTHM, HTO B OTjiHHHe OT o6biHHoro poTopa, flHBepreHi];HH HOBepxHOCTHoro poTopa He paBHa 
HyjiK). 3to CHHryjiapnaH o6o6n],eHHaH cJjyHKi^HH "Tnna flBofiHoro cjioh". 

4.TeH3op FpHHa. Hpn HOCTpoennH pemenHH MOflHcJjHi^HpoBanHoro ypaBnenHH ([6|) y/];o6HO hojib- 
soBaTbCH (JjyHflaMeHTajibHbiM pemenHeM SToro ypaBHCHHa - TensopoM FpiiHa. 

OnpeflejieHHe. HasoBCM U\,{x, t) TcnsopoM FpHna ypaBnenHH ^ , ecjin oh hbjihctch ero 
o6o6n],eHHbiM pemeHiieM, cooTBCTCTByiomHM jk = Sl.S{x,t) (r^e 6{x,t) - 5 -4)yHKi];nH, 5^ - chmboji 
KpoHCKcpa) , H yflOBjiCTBopHCT ycjiOBHK) HSJiynenHH : 

Uj = 0, ||x|| > ct>0; t<0. (23) 
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^jiH ero nocTpoeHHH BOcnojibsyeMCH npeo6pa30BaHHeM Oypte o6o6meHHbix (JjyHKi^Hit [2], KOTopoe 
SyfleM noMenaTB HepTOHKofi: f{S,,uj) = F[f{x,t)] . 

YpaBHeHHe ^ flJiH 4)yHKi];HH FpHna b npocTpancTBe npeoSpasoBanHii Oypbe npeo6pa3yeTCii b 
MaTpHHHoe ajire6paHHecKoe BH^a 

Lmj{-i^, -iioW = {ioJC~^6raj + emMiW = si,, m, l,j, k = l,2, 3. (24) 



3flecb - nepeMeHHbie Qypbe, cooTseTCTByiomHe {x,t), det L = |^||^|| — ^ 

PaspemaH ([Ml, naiifleM TpanccJjopMaHTy Oypte (JjyHKi^HH FpHna: 

BsefleM 4)yHKi];Hio ^{^,u}) = ^(w/c)'^ — ||^||^^ - npeoSpasosaHHe Oypte 4)yHKi];HH FpHHa 
BOJiHOBoro ypaBHCHHii: — c~'^'>p,tt = S{x,t), KOTopaH HMeeT bh^: 

iP = -{A7:R)~^6{t- R/c), R = \\x\\ . (26) 

By^eM HassaTb tp eoAHoeou (JayHKi^Heli. 3to HpocTofi cjioh na cseTOBOM Konyce - pacmnpaiomeHca 
ccjaepe pa^nyca R = ct {R = \\x\\ ) , onpeflejiHiomnft jiHHeHHbift (JjyHKi^Honaji BH^a: 

(V',9J) = (47r)-^ / \\x\\~^^{x,\\x\\/c)dV{x)y^eD{R'^). 



HocHTejieM stoh cJjyHKi^HH HBjiaeTCH noBepxHOCTb SToro Konyca. 

SaMeTHM, HTO SHaMenaTejib b npeflCTaBjienHH (|25l) . c yneTOM HOCHTejia cJjyHKi^HH, HBjiaeTCH 
TpaHCcJjopMaHToft Oypte no BpeivieHH nepBOo6pa3HOH no t bojihoboh 4)ynKn;nn: x — V'*^(^) = 

— {ATrR)~^9{ct — R), dtx = • 3flecb 9{.) -(HpyKKii^via XeBHcalifla; nepeMennaa nofl SBesflOHKoit 
( * ) - snaKOM CBepTKH - osnanaeT nenojinyro CBepTKy tojibko no STOMy apryMenTy. HocnTejieM x 
HBjiaeTCH BHyTpennocTb CBeTOBoro Konyca. nojibsyacb CBoficTBaMH npeo6pa30BaHHH Oypte CBepTKH 
n npoHSBOflnbix, h3 (|24|) nojiynnM ncKOMyro 4)ynKn;HK) Fpnna: 

U^{x,t) = cQ,k{dx,dt)x{R,t), (27) 

JlerKO BHfleTb, hto ycjiOBHH HSjiynenHH BbinojiHHiOTCH b cnjiy cbohctb bojihoboh 4)yHKn;HH h ee 
nepBOo6pa3HOH. C yneTOM (l25ll . pesyjiBTaT ccJjopMyjinpyeM b BH^e TeopeMbi. 

TeopeMa4.1. OyuKV^UH Fpuna Modu(puii,upoeaHHUx ypaeHemm MaKceejiJia ^ npedcmaeuMa 
e eude: 

Uj{x, t) = c'^6jkdtTp - djdkX - i ejikdiip. 

Hs ee CBoiicTB cjie^yeT 

T e o p e M a 4.2. Ecau moKU j{x,t) G D'_^{R'^) u suppj ozpaHuuen, mo o6o6meHHoe peme- 

X 

Hue ypaeneHuu coomeemcmeytovnee uajiynaeMUM u samyxaminuM na 6ecK0HeHH0cmu eoAuaM, 
npedcmaeuMO e eude ceepniKu: Am = cx{R,t) * Qmk{dx,dt)jk , - hjih 

A = c~^dtip * j + cVil! * p — i [V, V' * j]- 
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^OKasaTejitCTBO. PaccMOTpnM csepTKy Am = U!^ * jk- JlerKO noKasaTt, hto sto 
o6o6n],eHHoe pemeHne ypasHeHHii ([H), Hcnojibsya cbohctbo flHcJxJjepeni^HpoBaHHH CBepTKH 



Lim{dx,dt)Am = Urn {Um* 3k\ = {^/mf^m} * jk = SlS{x,t) * jk 



Jl- 



^ajiee, nojibsyHci, ([27]), HMeeM Am = cQmk{dx,dt)x{R,t) * jk = cx{R,t) * Qmk{dx,dt)jk- J1h6o, 

HCXOflH H3 TeOpeMbI 4.1, Amix, t) = C~^1p{R, t) * dtjm - CX{R, t) * dmdkjk - iemlkdllp * jk- OTCIOfla, 

c yneTOM saKona coxpaHeHHH sapH^a nojiyHHM BTopyio (JjopMyjiy TeopeMti. Bee CBepTKH cyme- 
CTByiOT B CHjiy nojiy orpaHHHeHHOCTH HOCHTejiH no BpeMenn h orpanHHenHOCTH HOCHTejiH bojihoboh 
4)yHKi];HH no x . Hsjiynenne n saTyxanne bojih na 6ecK0HenH0CTH cjie^yeT ns ycjiOBnn nsjiynennH 
fljiH BOjinoH 4)ynKn;HH n ns CBoncTBa y6biBanHH njiOTnocTH noTenn;Hajia npocToro cjioh na Konyce 
KaK 1 /R . 

SaMenanne. B saBHCHMOCTH ot CBoncTBa flH4)4)epeHn;HpyeMOCTn KOMnonenT cnepTKH snaK 
/];H4)4)epeHn;HpoBaHHH b (JjopMyjiax TeopeMti 4.2 mojkho nepe6pacE.iBaTE. na tokh h sapHflbi. 

T e o p e M a 4.3. Pemenue ypaeueHUM ^ tieAHemcsi peiuenueM eoAHoeozo ypaeneHUH euda: 

d'^A 

Avl-c"^-^ = -iiotJ + cgiadp + c'^dtJ. (28) 

^OKasaTejibCTBO. ^ocTaTonno bshtb poTop b jH]) , npeo6pa30BaTb abohhoh poTop c 
yneTOM paBencTBa 

rot rot = grad div — A, (29) 

a poTop nofl snaKOM nponsBO^Hon no BpeMenn BbipasHTb nepes TOKn n dtA , eme pas ncnojibsya 
([6]). 3aMeTHM, hto OTCiofla neMefljienno cjie^yeT BTopaH cJjopMyjia TeopeMbi 4.2. 

n p H M e p 1 ("pojKfleHHe"3apHfla q b TOHKe x = 0) . IlycTb p = q5{x)9{t) . Tor^a ns saKona 
coxpanenna sapa^a nojiynnn: J = 6{t)q grad {'iirR)^^ . Hs TeopeMbi 4.2 nafifleM nojie: 

A= ggrad|c(^e(t)*V') + c'^dt ((47ri?)~^ * v) } 
3to nojie Moacno sanncaTb b peryjiapnoM nnfle: 

AttA = ggrad j.E^ilzi^ + (^Q(^ct - R) + p{R - ct) 

= g grad {-c(9(ct -R)/R-{1- ct/R) 5{t - R/c) -ce{R- ct)/R} = -qc9{t) grad (l/R) 

T.e. nojie conna^aeT c KyjionoBCKnM nojieM CTainnecKoro sapa^a n BOsnnKaeT BMecTe c sapa^OM. 

5. IIocTaHOBKa sa^aHH Koiuh, eflHHCTBeHHOCTb pemeHHH. PaccMaTpnBaeTca A- nojie, 
nopojKflaeMoe necTan;HonapnbiM tokom c njiOTnocTbio ns Kjiacca nnTerpnpyeMbix 4)ynKn;nH c kom- 
naKTnbiM nocniejieM b R^: suppj = {{x,t) : \\x\\ < const, t > 0} orpannnen fljia jno6oro t . 

X 

HanajibHbie ycjiOBna nsBecTHbi: 

A{x,0) = ^"(x); A° = 0, ||x|| > const. (30) 

^ojiJKnbi yflOBjieTBopaTbca ycjiOBna nsjiynenna: 

A{x,t) = 0, \\x\\ > const + ct, Vt > 0. (31) 

Onpeflejienne. HasoBeM pemenne sa^ann Komn KjiaccnnecKnM, ecjin ono yflOBjieTBopaei 
ycjiOBHHM (|3Q|1 H (|31|) . nenpepbiBHO n flH4)4)epeHn;HpyeMO noHTH Bcro^y KpoMe, 6biTb MO>KeT, Konen- 
noro nncjia BOjinoBbix cJjponTOB, na KOTopbix y^OBjieTBopaeT ycjiOBnaM na CKanKn (|16p . a b o6jiacTH 
rjiaflKOCTH - ypaBHeHHHM ([6]). 
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SannmeM HHTerpajiBHyro (Jjopiviy saKona coxpanenHH SHeprnn ^jih pemeHHit sa^anH Komn, b 

TOM HHCJie flJIH yflapHblX BOJIH. 

IlycTB S~ - npoHSBOJiBHoe OTKptiToe MHOJKecTBO B , orpaHHHeHHoe rjia^KOH saMKHyToii 

nOSepXHOCTblO S, n- eflHHHHHtlfi BCKTOp HOpMajIH K S . 

T e o p e M a 5.1. Ecau A{x,t) - KJiaccuuecKoe peuieuue aadauu Komu, mo 

t t 
{W{x,t)-W{x,0))dV{x) + j dt j {n,P)dS{x) = -Re j dt j {j,A*)dV{x), 

s- OS s- 

t 

j {W{x,t) -W{x,0))dV{x) = -Re j dt j {j,A*)dV{x), 

R3 

r^e dV{x) = dxidx2dx3 . 

^OKasaTejibCTBO. IlpoHHTerpHpyeM (fTO]) b i?^ no o6jiacTH = x (0, t) h, nojib- 
syacb (JjopMyjiOH OcTporpaflCKoro-Faycca, c yncTOM bosmojkhmx pasptiBOB pemeHHH na cJjpoHTax, 
nojiyHHM: 

t 

iW{x,t) -W{x,0))dV{x) + j dt j {n,P)dS{x)+ J {iyj[Pj] + iy4W{x,t)])dF = (32) 
5- S F 



z 

-Re j dt j {j, A*)dV{x), 



5- 

r^e dF - flHcJxJaepeHi^Haji njioma^H xapaKTepncTHHecKoli noBepxnocTH F , b KBa^paTHbix CKo6Kax 

CTOHT CKaHKH COOTBCTCTByiOmHX BbipaJKeHHH Ha F . 

CKanoK na bojihobbix (JjpoHTax noflbiHTerpajiBHoro BbipajKennH b TpeTbCM HHTerpajie, b CHjiy 
ycjiOBHH Ha (JjpoHTax (I19p . pasen nyjiio. B pesyjibTaTe nojiynaeM nepByio cJjopMyjiy TeopeMbi. Biopaa 
(JjopMyjia cjieflyeT h3 nee jkc c yncTOM ycjiOBHH na 6ecK0HeHH0CTH (|3ip . 

HCHO, HTO yCJIOBHH OrpaHHHeHHOCTH Ha TOKH MOJKHO 0CJia6HTb, flOCTaTOHHO, HT06bI HHTerpajibi, 

HX coflepjKamne, cymecTBOBajin. 

B CHjiy nojioJKHTejibHoii onpeflejiennocTH W , h3 TeopeMbi 5.1 nojiynnM 
CjieflCTBHe. KjiaccHHecKoe pemeHHe saflann Kohih eflHHCTseHHO. 

^OKasaTejibCTBOOT npoTHBHoro. IlycTb ecTb ^Ba pemenHH, Tor^a HHTerpaji SHeprnn 
p/ia HX pasHOCTH A HMeeT bh^: J W{x, t)dV{x) = 0. B CHjiy nojioJKHTejibHOH onpe^ejieHHOCTH W , 

R3 

HOJiyHHM: ^ = . CjieflOBaTejibHO sth pemeHHH coBnaflaroT. 

6. Sa^ana Koiuh b D'^{R'^) h ee pemeHHe. IlycTb A - pemenne sa^anH Komn. ^oonpeflejinM 
ero na i?^ , a HMenno, BBe^eM o6o6m,eHHyK) cj3yHKLi,HK) A = A6{t) . AnajiornnHO CTpoHM npoflOJi- 
jKenne na -R^flJiH tokob j , h 6yfleM hx paccMaTpnBaTb KaK o6o6m,eHHbie 4)yHKD;HH na D'^{R'^) . 
nofleficTByeM na A onepaTopoM L . C yneTOM ^ , nojiyHHM 

Lkiid., dt) Ai = jk - Al5it). (33) 

CpaBHHBaa BTopbie cjiaraeMbie b npaBoii nacTH c bh^hm, hto HanajibKbie ycjiOBHH pa6oTaiOT 
KaK HMHyjibCHbie o6TDeMHbie tokh. 

06o6m,eHHoe pemenne (f33l) ctpohtch c noMombio (]3yHKH;HH Fpnna U{x,t) (cm. TeopeMa 4.1). 
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T e o p e M a 6.1. Ecau Aq G D'^iR"^), j G D'^{Ri), mo 

A = c~^dti>*j + cVij * p-^[V,^p*j] - c~'^dt{iJ*A^) - cV{ip * fP) + i[V ,^p * A^], 

XXX 

p = poB{t) - div (j * 9{t)), po = c'^divAo. 

^OKasaTCJiBCTBO. HcnojibsyH cbohctbo cJayHKi^HH FpHna, npe^CTaEHM pemeHne b BH^e 
CBepTKH: Ai = Uj^* jk —c'^Uf * j4? (sflecB snaK " * "yKasbmaeT nenojiHyio CBepTxy tojibko no x ). 

X X 

^ajiee noKOMnoneHTHO 6epeM Bce cbcptkh, KOTopbie cymecTByiOT b CHjiy nojiyorpannHeHHOCTH no 
t HOCHTejien BxoflHmnx b hhx (J)yHKn;HH n orpannneHHOCTn no x npn (JjHKcnpoBaHHOM t nocHTejia 
bojihoboh 4)yHKi],HH H ee nepBOo6pa3HOH no BpeMenn. C yncTOM (JjopMyjiti sapa^a jT]) n saKona 
coxpanenHH sapsi^a b pesyjiBTaTe nojiynnM yTBep^Kflenne TeopeMbi. 

fljiH Toro HTo6bi sanncaTb pemeHne b HHTerpajibnoM BH^e, cjie^yeT BOcnojibsoBaTbca cJjopMyjia- 
MH fljiH CBepTOK c 'il^{x, t) ). 3anHCb pemeHHH b CBepTonnoM bh^c ohchb yflp6iia fljiH nepexofla k hx 
HHTerpajibnbiM npeflCTaBjiennHM, t.k. b saBHCHMOCTH ot cbohctb rjia^KOCTH Bxoflamnx b CBepTKH 
(JsyHKi^nft, MOJKHO nepe6pacbiBaTb flHcJacJaepeHi^npoBanne na ee cocTaBjisnomne, flonycKaiomne o6biH- 
Hoe flHcJxJjepeni^npoBaHHe, hto nosBOjiaeT bboahtb snaK flHcJjcJjepeni^npoBaHHH nofl HHTerpajibi c 
nepeMeHHoii o6jiacTbK) HHTerpnpoBaHHH. IlocjieflHee HBjiHeTCH xapaKTepnon oco6eHHOCTbio necTa- 
i];HOHapHbix sa^an n ^ocTaTonno saTpy^HHTejibHO npn npHMenenHH KjiaccnnecKnx MeTOflOB. 

n p H M e p 2 (pacnpocTpaneHHe yflapnbix bojih). IlpeflnojioJKHM, hto tojibko b o6jiacTH S~ , 
orpaHHHeHHOH saMKnyTon noBepxnocTbio S , KOTopaa HBjiaeTCH cJjponTOM yflapnoit BOjinbi, nanajib- 
Hoe nojie otjihhho ot nyjiH n A^ € C^{S~) . IlycTb tokh OTcyTCTByroT [j = 0) h HaHajibHbin sapHfl 
Po = div A^ = . HaiifleM nojie b i?^ npn t > . 

BBBfleM xapaKTepncTHHecKyK) (JjyHKi^HK) Hg{x) MHoacecTBa S~ , paBHyro 1 na S~ h Bne ero 
saMbiKaHHH. B CHjiy ycjiOBnn na (JjpoHTax po = po + ps = . IlosTOMy, corjiacno Teopene 6.1, b 
3T0M cjiynae A = —c~'^dt('>p * Ha (x)) + ic~^rot(Tp* A^Ha(x)) . Hocjieflnee mojkho sanncaTb b 

X X 

HHTerpajibHOM Bn^e: 

47rcA = -c~'dtiictr^ I A\y)Hs{y)dS{y)) + i{ct)-^ j rot A\y)dS{y), r = \\x - y\\ . 

r=ct r=ct 

3Ta (JjopMyjia onncbmaeT BnxpeBoe 3M nojie npn pacnpocTpanennn yflapnbix bojih. 

PaccMOTpHM eme neKOTopbie, Ba>KHbie c tohkh spennH npnjiojKeHHH, Tnnbi 3M nojieft. 

7. MoHOxpoMaTHHecKoe A-nojie. B paflHOcJjnsHKe n paflnoTexHHKe nsynaiOTCH n ncnojib- 
3yK)TCH npoi];eccbi, Kor^a fleftcTByiomHe tokh h cooTBeTCTBenno 3M-nojiH HMeroT rapMonnnecKyio 
saBHCHMOCTb OT BpeMeHH c HacTOTOH LJ , uj > : J = J{x) exp(— iwt), A = A{x) exp(— iwt) . B stom 
cjiynae h3 TeopeMbi 4.3 cjie^yeT 

TeopeMaT.l. BeKuiop KOMnAeKCHOu aMriAumydu A ydoeAemeopsiem ypaeneHum AA + k'^A = 
—ikJ — irotJ + cgradp, u ecAU J € D'.^{R^) u suppJ{x) ospanuHen, mo 

^ikR / ^ikR \ / ^ikR. \ 

47rA = * J + i rot ( — ^ * J j — cgrad ( — ^ * pj , P = — ^^^^"^div J. 

9mo pemeHue eduHcmeeuHO e KAacce peiuenuu, ydoeAemeopHTOui^ux ycAoeuMM usAyneHUH 3oMMep- 
cpeAbda Ha SecKoneHHOcmu [2]. 

8. CTaii;HOHapHoe A-nojie. IlycTb A-nojie ne saBHCHT ot Bpetnenn. Tor^a h3 TeopeMbi 4.2 
nojiyHHM fljiH A ypaBnenne IlyaccoHa: 

AA = -i rot J + c grad p, (34) 
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pemeHHe KOToporo hmcct bh^ HbMTOHOBCKoro noTeni^Hajia [2]. A hmchho, Bepna cjieflyromaH 

T e o p e M a 8.1. Ecau J G D'^{R^) u suppj{x) ozpoHUHen, mo pemenue (34]) , cmpeMsi'uneecsi 
K Hyjim Ha 6ecK0HeHH0cmu, eduHcmeeuHO u npedcmaeuMO e eude ceepmnu 

A = -cgrad [-^*p)+^ (^^ * ^) ■ (35) 

EcjiH BBecTH CKajiHpHbiH H BeKTopHbiH noTeHi];Hajibi A-nojiH: c~^A = grad<I> + i rot^*, div^* = 0, 
TO, noflCTaBjiHH B (|34|) . nojiyHHM TaKJKe ypaBHennH IlyaccoHa: A^> = p, A^' = —c^^J, OTKy^a 
cjieflyeT npeflCTaBjienne noTeni^HajiOB CTai^HonapHoro 3M nojia nepes HtiOTOHOBCKHe noTeni^HajiBi: 

HTO TaKHce cjieflyeT h h3 (I35p . 

n p H M e p 3. PaccMOTpHM KOMnjieKCHBie TOKH B mape, BpamaiomnecH BOKpyr och X3 c 

nOCTOHHHOH yrjIOBOH CKOpOCTBK) LV : 

J = p{x) [tu X x], -CD = (0, 0,u;); p{x) = 0, ||a;|| > a. 

Tor^a 

An J \\x-y\\ An J \\x - y\\ \ r, / 

||?/||<a lls/||<a \ ^ / 

EcjIH njIOTHOCTB TOKOB - KOHCTaHTa: p = po ) TO HHTerpajIBI MOJKHO BblHHCJIHTb aHajIHTHHCCKH. 

HanpHMep, 

TT R' 



/ R'^dR' [ ""^^^ = 4 / R'dR' [ dVR' + R'' - 2Rz 

J J VR^ + R'^ -2RR'cos^ 2R J y ^ 

a R'<a -R' 

— J R[\R-R\-R-R)dR--{^^^^^^^,_^y^^^ 



R'<a 

OTCiofla cjieflyeT HSBecTHtiit pesyjibTaT, hto bhc mapa noTeHi^HajiBHaa nacTt nojia coBnaflaeT c 
nojieM TOHCHHoro sapH^a q = qo 6{x) , paBHoro sapH^y mapa go = 3 ^° , cocpeflOToneHHoro b 
TOHKe X = . Ona hmcct cjieflyiomnfi Bnp,: 

H MaKCHMajiBHa Ha noBepxHOCTH mapa, a bhc ero y6biBaeT KaK 1/i?^ . 
AnajiornHHO naxoflHM BeKTopHbiH noTeni^Haji: 

AttR J J J VR'^ + R'^ -2RR'cos^ 

R'<a 

= Poo^ (aV4i?2, R>a; aR - ?,R^/A, R<a] 
2>'kR ^ ' 
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TaKJKe onpe^ejiHeTCH 

^ajiee Haxo^HM EHxpesyio cocTaBjiaiomyio A-nojia 

( 3x1 a;3 3x2X3 1 _ 3r^ \ Tl n , 

(^,^,2a-|i?(l + ^)), i?<a''"V^^ 

3aMeTHM, HTO KaK noTeHLi,Hajibi , Tax h none A HenpepbiBHbi npn jiio6bix x , b tom nncjie h npn 
R = a. 

SaKjiiOHeHHe. 06o3HaHHM <a> pasMepnocTb a . Corjiacno onpeflejienHio KBa^paT Mo^yjiH A 
pasen hjiothocth sneprnH, T.e < >=(fl3«/M^) . HosTOMy sto A-nojie moscho nasBaTt snep- 

reTHHecKHM. Bosmojkhoctb onHcaHHH 9M hojih nepes o^hh bcktop y6e/^HTejibH0 CBH^eTejiBCTByeT 
o HepaspbiBHoii cbhsh Meac^y sjieKTpHHecTBOM h MarneTHSMOM, KOTopbie npocTO jibjihiotch cJjh- 

3HHeCKHM npOHBJieHHeM KOMnjieKCHOrO A-nOJIH. EflHHCTBeHHOii KOHCTaHTOii STOrO nOJIH HBJISieTCH 

CKopocTb 3M BOjiH c , a He ^Be ( e, ) 3M nojia. SaneTHM, hto MHorne 4)opMyjibi sjieKTpoflHHa- 

MHKH MOiKHO ynpOCTHTB, eCJIH HCnOJIbSOBaTB A-BeKTOp. 
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